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Abstract. We consider discrete minimal surface algebras (DMSA) as generalized non- 
commutative analogues of minimal surfaces in higher dimensional spheres. These algebras 
appear naturally in membrane theory, where sequences of their representations are used as 
a regularization. After showing that the defining relations of the algebra are consistent, and 
' that one can compute a basis of the enveloping algebra, we give several explicit examples of 

DMSAs in terms of subsets of s(„ (any semi-simple Lie algebra providing a trivial example 
by itself). A special class of DMSAs arc Yang-Mills algebras. The representation graph 
is introduced to study representations of DMSAs of dimension c? < 4, and properties of 
' representations are related to properties of graphs. The representation graph of a tensor 

product is (generically) the Cartesian product of the corresponding graphs. We provide 
explicit examples of irreducible representations and, for coinciding eigenvalues, classify all 
, the unitary representations of the corresponding algebras. 

■ Key words: noncommutativc surface; minimal surface; discrete Laplace operator; graph 

I representation; matrix regularization; membrane theory; Yang-Mills algebra 
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O ■ 1 Introduction 



Noncommutative analogues of manifolds have been studied in many different contexts. One way 
of constructing such objects is to relate the Poisson structure of a manifold M to the commutator 
' structure of a sequence of matrix algebras An (parametrized by ^ > 0) , where the dimension of 

the matrices increases as ^ — )• 0. Namely, for some set of values of the parameter h, one defines 
a map T''' : C°°{M) An such that 



lim 



T'{{f,g})-^[TV),T^{9)] 



(1) 



for all f,g€ C°°(M). 

For surfaces, the map T^^ has been constructed in several different ways. One rather concrete 
approach is to consider the surface S as embedded in an ambient manifold M with embedding 
coordinates xi{ai, (12), . . . , X(i{cri,a2). If the Poisson brackets satisfy 

{Xj, Xj} — Pij(^Xi, . . . , X[l) 
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where Pij{xi, . . . ^x^) are polynomials, then one defines an algebra of non-commuting variables 
Xi , . . . , such that the following relations hold 

[Xi,Xj\ =ih^{pi,){Xi,...,Xd) 

where ^ is an ordering map, mapping commutative polynomials to non-commutative ones (such 
that when composed with the projection back to commutative polynomials one gets the identity 
map). Thus, for any pair of polynomials p, q it holds that 

in 

and by considering representations of the above defined algebra one obtains a sequence of matrix 
algebras and maps T^^ such that relation ([1]) holds for all polynomial functions (see [1] for details). 
It is natural to demand that a notion of noncommutative analogues of manifolds should have 
some features that can be traced back to the geometry of the original manifold. For surfaces, the 
genus is the obvious invariant, and one can show that the above procedure gives rise to algebras 
whose representation theory encodes geometric data [3]. 

For a surface S embedded in W^, the Laplace-Beltrami operator on S acting on the embedding 
coordinates xi(cri, (T2), . . . , ^^^^(o'l, (12) can be written as 

d 

i=i 

where {f,h} {(7i,a2) = -^{difd2h — dihd2f) and g is the determinant of the induced metric 

on E. With this notation, minimal surfaces in S"^~^ can be found by constructing embedding 
coordinates such that 
d 

^ ^ { { ; Xj } , Xj } — 2x j 

i=i 

subject to the constraint X]j=i ~ 1- -^^ above spirit of replacing Poisson brackets by 
commutators, corresponding noncommutative minimal surfaces are defined by the relations 

d 

=2X,. (2) 

Another example where equations like ([2]) arise is in the context of a physical theory of 
"Membranes" [12]. The equations of motion for a membrane moving in d + 1 dimensional 
Minkowski space (with a particular choice of coordinates) can be written as 

d d 
dtXi = ^ {{xi, Xj} , Xj} and ^ {dtXj,Xj} = 0. 
i=i i=i 

A regularized theory is given by d time-dependent Hermitian matrices Xi satisfying the equations 

d d 

d^Xi = -h'^[[Xi,Xj],Xj] and J] [5f X„ X,] = 0. (3) 

i=i i=i 

In the first equation, we can separate time from the matrices by making the ansatz 
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(see also [14:\ where A is a d x d antisymmetric matrix such that = diag(— ^i, . . . , — fid) 
with fi2i~i = /W2i for i = 1, 2, . . . , [d/2j. Then Xi (as defined in (HD) solves the first equation 
in ([3]) provided 



Motivated by the above examples, we set out to study algebras generated by relations ([5]) (for 
arbitrary ^j's). In particular, we shall study their representation theory for d < 4. 

In Section [2] we introduce Discrete Minimal Surface Algebras, and after showing that a basis 
of the enveloping algebra can be computed via the Diamond lemma, some properties are inves- 
tigated and several examples are given. Section [3] deals with Hermitian representations of the 
first non-trivial algebras, for which the representation graph is introduced, and properties of 
representations are related to properties of graphs. Finally, we provide explicit examples of ir- 
reducible representations and their corresponding graphs and, in the case when Spec(^) = {fi}, 
we classify all unitary representations. 

2 Discrete minimal surface algebras 

Let g be a Lie algebra over C. For any finite subset X = {xi,X2, • • • , Xd} ^ we define a linear 
map Aa- : by 

d 



and let {X) denote the vector space spanned by the elements in X. 

Definition 1 (DMSA). Let be a Lie algebra and let X = {xi,X2, ■ ■ ■ ,Xd} be a set of linearly 
independent elements of 0. We call A = {q,X) a discrete minimal surface algebra (DMSA) (of 
dimension d) if there exist complex numbers . . . , i^id such that A;f (xj) = fiiXi for i = 1, . . . ,d. 
The set {ni,fi2, ■ ■ ■ , l^d} is called the spectrum of A and is denoted by Spec(^). 

Definition 2. Two DMSAs A = {q,X) and B = (0',3^) are isomorphic if there exists a Lie 
algebra homomorphism </> : — )■ 0' such that 4)\(^x) is ^ vector space isomorphism of {X) onto (3^). 

Note that Spec(^) is not an invariant within an isomorphism class. Let be a Lie algebra with 
structure constants f^j (relative to the basis xi, . . . , Xn) and let 0' be a Lie algebra with structure 
constants cf^j (relative to the basis yi, . . . ,yn), for some non-zero complex number c. Then the 
two DMSAs A = {q,X = {xi, . . . ,Xd}) and B = {Q',y = {yi,...,yd}) will be isomorphic 
(through (p{xi) = yi/c), and if Spec(^) = {/xi, . . . , fid} then Spec(B) = {c^m, . . . ,c^^d}. 

Definition 3. Let A = {q,X) be a DMSA with Spec(^) = {/ii, . . . , fid} and let C {X) denote 
the free associative algebra over C, generated by the set X = {xi,X2, ■ ■ ■ ,Xd}. The enveloping 
algebra of A is defined as the quotient iid{A) = C {X) / {Ax{xi) — fiiXi), where [a, b] = ab — ba. 

Remark 1. Relating the above enveloping algebra to minimal surfaces in S"^"^ , one could 
impose the relation x\ + x"^ + • • • + x"^ = ul together with Ax{xi) = fiXi. Combining these 
relations gives the equations 



d 




(5) 





for i = 1, . . . , d. 
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The following result shows how to compute a basis of the enveloping algebra. Note that in [5] , 
it was proven that a class of so called inhomogeneous Yang-Mills algebras (including iid{A)) has 
the Poincare-Birkhoff-Witt property. 

Proposition 1. A basis of iid{A) is provided by the set of words on {xi, . . . ,Xd} that do not 
contain any of the following sub-words 

2 2 2 2 

^d^l; ^d^2; ■ ■ ■ ; X^Xd-l, XdX^_i. 

Proof. In the following proof we will use the notation and terminology of [6], to which we refer 
for details. The defining relations of the algebra 

d 

i=i 

for i = 1, . . . , d will be put into the following reduction system S 

CTi = {WiJi) = { xlxi,2xdXiXd - Xixl + XiXi - ^ [[xi,Xj],Xj] j , l<i <d, 
V j=i ^ 

CTd = {Wd,fd) = ( X<iX^_i,2Xd_lXrfXrf_i - xl_iXd + XdXd - ^ [[xd,Xj],Xj] j . 

Next, we need to define a semi-group partial ordering on words, that is compatible with S, 
i.e. every word in fi should be less than Wi. Let wi, W2 be two words on xi,...,Xrf; if wi 
has smaller length than 1^2 then we set wi < W2- If wi and W2 have the same length, we 
set wi < W2 if wi precedes W2 lexicographically, where the lexicographical ordering is induced 
by xi < X2 < • • • < X(i. These definitions imply that if wi < W2 then awib < aw2b for any 
words a, b (which defines a semi-group partial ordering). It is also easy to check that this 
ordering is compatible with S. Does the ordering satisfy the descending chain condition? Let 
wi > W2 > W3 > ■ ■ ■ be an infinite sequence of decreasing words. Clearly, since the length of Wi 
is a positive integer, it must eventually become constant. Thus, for all i > the length of Wi 
is the same. But this implies that the series eventually become constant because there is only a 
finite number of words preceding a given word lexicographically. Hence, the ordering satisfies 
the descending chain condition. 

Now, we are ready to apply the Diamond lemma. If we can show that all ambiguities in S 
are resolvable, then a basis for the algebra is provided by the irreducible words. In this case 
there is only one ambiguity in the reduction system S. Namely, there are two ways of reducing 
the word x^x^_-^: Either we write it as Xd{xdx'^_^) and apply ad or we write it as (x^x^_i).Xd_i 
and apply (Jd-i- Let us prove that A = Xdfd — fd-i^d-i = 0, i.e. the ambiguity is resolvable 

A = -Xd-i xjxd^i + Xdxl^^ Xd + Xd-ixj^i - Xdxl 

d-l d-2 
- X] [[Xd-l,Xj],Xj]xd-l +Xd^ [[Xd,Xj],Xj] 

i=i i=i 

d-2 d-2 
= XI [[xd_i,Xj],Xj]j +^ \^Xd, [[xd,Xj],Xj] . 

Now, let us rewrite the second commutator above as follows: 

Xdi \[Xdi Xj]i Xjj — (x^Xj)Xj IXdXjXdXj XjX^ -\- IXjXdXjXd 
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k=l 



k=l 

By introducing the sum, we obtain 

d-2 d-2 



2XjX(iXjX(l XjX^-\-XjXj Xj X^Xj ^ ^ [[^^j ) ) 
d-1 



d-2 



^ [xd, [[xd,Xj],Xj] = - ^ [a;rf„i, [[x^^i, Xj], Xj] j + ^ \^Xj, [[xj,Xk],Xk] 



(i-2 



^ [[xd-l,Xj],Xj] 



which implies that A = 0. From the Diamond lemma, we can now conclude that the set of all 
irreducible words, with respect to the reduction system S, provides a basis of the algebra. ■ 

Let us start by noting that any semi-simple Lie algebra g is itself a DMSA. Namely, if we 
let X = {xi, X2, . . . , Xrf} be a basis of g such that K{xi,Xj) = 6ij (where K denotes the Killing 
form), then the structure constants will be totally anti-symmetric which implies that 



[[Xj, Xj], Xj] 



d d 

^ fiifkjXi = K{xi,xi)xi = Xi. 



j,k,l=l 



1=1 



Thus, in such a basis (0,0) is a DMSA for any semi-simple Lie algebra 0. On the other hand, 
if is nilpotent, it follows that the map A;^ is nilpotent. Thus, for a DMSA related to a nilpo- 
tent Lie algebra, it must hold that Spec(^) = {0}. Note that the class of DMSA for which 
Spec^ = {0} has also been studied under the name of {Lie) Yang-Mills algebras [HI [8], and 
their representation theory has been studied in jll] . 

Apart from semi-simple Lie algebras, it is also true that Clifford algebras satisfy the relations 
imposed in the enveloping algebra. Let Clp^g be a Clifford algebra generated by ei , . . . , (with 
d = p + q), satisfying 



1 



e,:e 



for i = l,...,p, 

for i = p + 1, . . . ,p + q, 

when i 7^ j. 



It is then easy to check that 
d 



J2 [[^^'' 



4{p- 
4{p- 



- l)ei if 2 E {1, . . . 

+ l)ei ii i £ {p+ 1, . . . ,p + q}. 



The linear operator A;^' is invariant under orthogonal transformations of the elements in X 
in the following sense: 

Lemma 1. Let X = {xi, X2, . . . , x^} and X' = {x'^, . . . , x^} he subsets of a Lie algebra g such 
that x\ = X^j=i LiijXj for some orthogonal d x d-matrix R. Then Ax{a) = Ax'{a) for all a E 0. 
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Proof. The proof is given by the following calculation: 
d d 

j,k,l=l k,l=l 
d d 

= ^ 5ki[[a,Xk],xi\ = ^^[[a,Xj\,Xj\ = l\x{a). ■ 

k,l=l j=l 

Remark 2. Note that it is not necessarily true that {q,X') is a DMSA when {q,X) is a DMSA. 
However, if we let Spec ((g, Af)) = {^i, . . . , fi^} and mi, . . . ,mk be the multiplicities of each 
eigenvalue, then any block-diagonal orthogonal matrix R = diag(iii, . . . ,Rk) (where Ri has di- 
mension TTij) will generate a DMSA. In other words, we can always choose to make an orthogonal 
transformation among those Xi that belong to the same eigenvalue. 

The preceding lemma enables us to make the following observation. Let X he a set of linearly 
independent elements in a n-dimensional Lie algebra g, and let {X) denote the linear span of the 
elements in X. Furthermore, assume that {X) is closed under the action of A^, i.e. A;^;{x) € {X) 
for all X G {X). Relative to a basis where xi, . . . ,Xd are chosen to be the first d basis elements, 
the n X n matrix of A;f has the block form 

where Xq is a dx d matrix. If Xq is diagonalizable by an orthogonal matrix R then the elements 
x'j^ = Yl'j=i ^'ij^j ^ill eigenvectors oi A^', since the action of A^ is invariant under orthogonal 
transformations in X. Thus, (q,X') is a DMSA. In particular, if we choose an orthonormal basis 
of Q, then the matrices ad^^ are antisymmetric, which implies that A^ is symmetric. In this 
case, Xo will be diagonalizable by an orthogonal matrix. 

We will now concentrate on subsets X of the Lie algebra sin, such that A = {5ln,X) is 
a DMSA. To perform calculations the following set of conventions will be used: ai,...,a„_i 
denote the simple roots and for every positive root a, we choose elements Cq,, e_a, ha such that 

and ha is the element of the Cartan subalgebra f) such that a{h) = K{ha, h) for all /i € f). For 
any pair of roots a, (3 we define the constants N{a, (3) by 

[ea,ep] = N{a,/3)ea+p, 

and when a + f3 is not a root, we set N{a, f3) = 0. In sin all roots have the same length, and we 
denote {a, a) = K{ha,ha) = Ci{ha) = l"^- With these conventions, the constants N{a,P) satisfy 
the relations 

N{a,f3) = N{f3,j) = N{j,a) if a + /3 + 7 = 0, 

N{a,(3)N{-a,-f]) = -^qip+1), 

where p, q are positive integers such that /S — pa, . . . , f3, . . . , j3 + qa are roots. Furthermore, in sin 
it holds that if /? -|- a is a root then j3 — a is not a root and /3 it 2a is never a root. Therefore, 
if N{a, (3) is non-zero, we have that 

N{a,l3)N{-a,-l3) = -]^l\ 

Although the following result does not depend on it, we will for definiteness choose each N{a, (3) 
such that N{-a, -(3) = -N{a,P). 
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Lemma 2. For every positive root a in s[„, we set 

= ic{ea + e-a) and = c[ea - e-a) , 

for an arbitrary c G M. Then the following holds 

^- [[^i'^^]''^^] = [[^^'^^]'^^] = {when a ±13 is a root), 

2. [[e~,e'^],e'^] = [[e~,e'^],e^]=-^c^Pe~ {when a ± P is a root) , 

4- [[et^hi3],h(3] = {a,^)^e^, 
5. [[/ia,e^],e^] = T2c2(a,/3)/i/3. 

From this lemma, it is easy to construct a couple of examples. 

Example 1. Let X = {e^^, . . . , e^^} (where the signs are chosen independently) for any positive 
roots In this case, [[xj, Xj], Xj] is proportional to x,, for all Xi,Xj G Af. 

Example 2. Let X = {/i/?^ , . . . , /i/?^^ , e+ , e:;:^ , . . . , e+ , e~ }. Now, [[/i/j^, e+ ], e+ ] might not be 
proportional to However, since both e^^^, , e~ E this term will cancel against [[/i^., e~ ], e~ ] . 
Thus, A;f (/i^J = for i = 1, . . . , /c. 

Example 3. Let X = {hjs-^ , . . . , /i/j^. , e^^ , . . . , e^^ } (where the signs are chosen to be the same) . 
In this case Ax{hi^.) will not be proportional to /i^. . However, the matrix A;f will be symmetric, 
which implies that there exists an orthogonal k x k matrix R such that (s[„, {xi, . . . , Xfc, e^^ , . . ., 

e|}) is a DMSA if Xi = Y!}=i RijhfSy 

When the dimension d = 2m (i.e. even) and every eigenvalue in Spec(^) has an even mul- 
tiplicity (which is relevant for one of the applications mentioned in the introduction) there is 
a convenient complexified basis provided by 

ti = X2i-l + iX2i, Si = X2i-l - iX2i 

for i = 1, . . . ,m. The defining relations of a DMSA can then be written as 

m m 

2niti = '^{[[ti,Sj],tj] + [[ti,tj],Sj]), 2^^iiSi = ^{[[si,tj],Sj] + [[si,Sj],tj]). 
i=i i=i 

The lowest dimensional non-trivial DMSA has dimension 2. In this case the algebra is gene- 
rated by X and y satisfying 

= Ax, [[?/,2;],x] = fiy, 

and by defining z = —i[x,y] one sees that x, y and z span a 3-dimensional Lie algebra. By 
rescaling the elements we obtain the following result: 

• A 7^ 0, /.f 7^ 0: ^ is isomorphic to s[2, 

• X = fi = 0: A is isomorphic to the Heisenberg algebra, 

• A 7^ 0, /U = or A = 0, /i 7^ 0: ^ is isomorphic to the Lie algebra VIIi in the Bianchi 
classification f^. This algebra is defined by the relations: [u,v] = —w, [v,w] = and 
[w,u] = —V. 
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3 Hermitian representations of il4(^) 

In general, any representation of the Lie algebra q gives rise to a representation of the DMSA 
(q,X). In the following, we shall however concentrate on finding Hermitian representations. 
Hermitian representations (p of iidi^A) are given by (j){xi) = Xi where Xi, . . . , X^ are Hermitian 
matrices satisfying 

d 

[[XuXjlXj] = iiiXi for i = l,...,d. 

i=i 

We note that, unless all Hi are real, no Hermitian (or anti-Hermitian) representations can exist 
(except for the trivial one: (l){xi) = for all i). Hence, from now on we will assume the spectrum 
to be real and all representations to be Hermitian. 

Since the subalgebra (of the full matrix algebra) generated by the matrices {4>{xi), . . . , (j){xd)} 
(through arbitrary products and sums) is invariant under Hermitian conjugation, the following 
result is immediate. 

Proposition 2. Any Hermitian representation o/Urf(^) is completely reducible. 

As DMSAs of dimension 2 are isomorphic to Lie algebras, we will start by considering the 
case when d = 4. We expect that these algebras have a rich structure of representations even for 
the case when fJ,i = ■ ■ ■ = ^4- Namely, since the equations defining a 4-dimensional DMSA can 
be thought of as discrete analogues of minimal surface equations in (see the introduction), 
and minimal surfaces of any genus exist in jl5j . we believe that there will be representations 
corresponding to many (if not all) of these surfaces. 

Since the defining relations of iidi^A) are expressed entirely in terms of commutators, the 
tensor product of Lie algebra representations, i.e. 

{4> ® 0') (x) = (f>{x) (g) 1 + 1 (g) (f>'{x), 

also defines a tensor product for representations of DMSAs. In contrast to Lie algebras, the 
tensor product of two irreducible representations might again be irreducible (as we shall explicitly 
see for il4(^)). Thus, when studying the representation theory oi iid{A) it becomes natural to 
look, not only for irreducible representations, but also for prime representations, i.e. irreducible 
representations that can not be written as a tensor product of two other representations. 

To each Hermitian representation (p of il4(^) we shall associate a directed graph with vertices 
in C, such that the vertices of the graph are placed at the characteristic roots of (j){xi + 2x2). 
The edges of the graph are determined by the matrix </>(x3 + 1x4,) as described below. We note 
that this construction can be carried out for Hermitian representations of any algebra on at 
most four generators. In the following, we will use the notation ti = xi + 1x2, t2 = X3 + ix^, 
(piti) = A and <^(t2) = T. Let us start by recalling the directed graph of a matrix. 

Definition 4. Let T be a n x n matrix and let G = {V, E) be a directed graph on n vertices 
with vertex set V = {1, . . . , ?i} and edge set E V x V . We say that G is the directed graph 
ofT, and write G = Gt, if it holds that 

T^j^O ^ {hj)(^E. 

for i, j = 1, . . . ,n. 

The idea is now to associate a graph to every representation, such that each vertex is assigned 
an eigenvalue of A and the graph itself being the directed graph of T. Needless to say, the graph 
of T depends on the basis chosen and therefore we will introduce a particular choice of basis in 
which all graphs will be refered to. 
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Definition 5. Let A and T be linear operators on 1^ = C", and let B be the *-algebra generated 
by A, A"!", T, Furthermore, let W = Wi © • • • © Wm be a decomposition of W into irreducible 
subspaces with respect to B. For each i, let . . . ,Vn} denote a Jordan basis for A|^ . Then 

v^^ , • • ■ , Vn^ , • • • , , ■ • • , vIt^ is a basis for W and is called a Jordan basis of A with respect 
to T. 

Definition 6. Let (f> he a n-dimensional representation of 1X4 (^) and let vi,...,Vn denote 
a Jordan basis of A = (^{ti) with respect to T = (p{t2)- Define the matrix a by defining its 
matrix elements through 

n 

Tvi = "^ajiVj, 
i=i 

i.e., a is the matrix of T in the given Jordan basis. Furthermore, let Ga = ({1,2,... ,n},E) 
denote the directed graph of a and let A : F — )■ C be defined by X{i) = Xi, where Aj is the 
eigenvalue corresponding to Vi. We set Gfj, = (Gq,, A) and call G,^ a representation graph of (p. 

Two representation graphs = ({1, . . . , n}, A) and G^/ = ({1, . . . , A') are isomor- 

phic if there exists a permutation a £ Sn such that {i,j) £ E 4^ (^a{i),a{j)) G E' and A = A'oo". 
In particular, {{1, . . . ,n}, E) and {{1, . . . ,n}, E') are isomorphic as directed graphs. 

Note that two representation graphs corresponding to the same representation need not be 
isomorphic. This could be resolved by further fixing the basis in which the directed graph of T 
is calculated. However, let us postpone this choice and study the properties of representation 
graphs that follow from the above definition. 

The first property that one might wish for, is a correspondence between disconnected com- 
ponents of the representation graph and the irreducible components of the representation. That 
a connected graph corresponds to an irreducible representation follows immediately from the 
definition of the Jordan basis with respect to T. 

Proposition 3. Let G^ he a representation graph of (p. If G^f, is connected then (j) is irreducible. 

Proof. Let G^ be a connected representation graph of (f). If (j) is reducible, then G^ consists of 
at least two components, since the matrix a is block diagonal with at least two blocks, by the 
construction of the Jordan basis. Hence, (j) must be irreducible. ■ 

For convenience, let us introduce some terminology indicating when the matrices of a repre- 
sentation have certain properties. 

Definition 7. Let be a representation of ^^^{A). If A = (t){t\) is diagonalizable then (f) is 
called diagonalizable. If all eigenvalues of A are distinct, then (j) is called non-degenerate. If A 
is normal then (j) is called semi-normal. If both A and T = (j){t2) are normal then (j) is called 
normal. If A and T are unitary, then (j) is called unitary. 

For semi- normal representations, the result in Proposition [3] can be strengthened to an if and 
only if statement. 

Proposition 4. Let (p be a semi-normal representation ofil4{A) and let G(p be a representation 
graph of (p. Then (p is irreducible if and only if G^j, is connected. 

Proof. Assuming that G^ is connected, the first implication follows from Proposition [3l Now, 
assume that (p is an irreducible n-dimensional representation. When A is normal, the Jordan 
basis is given by a set of orthogonal vectors {vi, . . . , Vn} (the eigenvectors of A). Therefore, any 
matrix P, bringing A to the (diagonal) Jordan normal form P~^AP, can be written as P = UD 
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where U is a unitary matrix and D is an invertible diagonal matrix (reflecting the choice of 
length of the eigenvectors). In such a basis, the matrix a, representing T, and the matrix a, 
representing rt are related by a^" = D'' Da{D'' D)'^ . Clearly, since conjugation by a diagonal 
invertible matrix does not change the structure of non-zero matrix elements, the graph of a 
is obtained from the graph of a by reversing the arrows. In particular, this implies that Ga 
and Ga have the same number of connected components. We now continue to prove that if Ga 
is disconnected then there exists an invariant subspace, which contradicts the assumption that (p 
is irreducible. 

Assume that Ga is disconnected and let {ii,...,ik} C V (with k < n) he the vertices 
corresponding to one of the components. By the construction of Ga, the vectors Vi^^, . . . ,Vif, 
span an invariant subspace for a. Since Ga is obtained from Ga by reversing all arrows, this is 
also an invariant subspace for a. Moreover, since Uj^, . . . ,Vij, are eigenvectors of both A and A^, 
the space spanned by these vectors is also an invariant subspace of A and A^^. This implies that 
the representation is reducible, which contradicts the assumption. Hence, is connected. ■ 

When the eigenvalues of A = (/>(ti) are distinct, one can easily show that all representation 
graphs of (/) are isomorphic. 

Proposition 5. Let (p be a non- degenerate representation. Then any Jordan basis for A is 
a Jordan basis for A with respect to T up to a permutation of the basis vectors. Moreover, all 
representation graphs of (j) are isomorphic. 

Proof. When all eigenvalues of A are distinct, the only freedom in choosing a basis in which A 
is diagonal lies in the length of the eigenvectors and the ordering of the basis vectors. Hence, 
given two Jordan bases for A it is always possible to apply a permutation to obtain one basis 
from the other, up to a rescaling of the vectors. Furthermore, a rescaling of the basis vectors 
does not change the block diagonal form of a matrix. Hence, any Jordan basis of A is a Jordan 
basis of A with respect to T up to a permutation. In particular, this implies that any two 
representation graphs are related by a permutation of the vertices. ■ 

Proposition [5] has the consequence that if one constructs a representation (f), in which A is 
diagonal and has distinct eigenvalues, then the directed graph of T is the unique representation 
graph of (f). 

Let us now study the representation graph of the tensor product. For directed graphs, forming 
the tensor product 

f = T®t + l®T' 

amounts to taking the Cartesian product of Gt and Gt' |17( llOj. The Cartesian product of two 
graphs G = (V, E) and H = {U, F) is defined as the graph G' = {V x U, E') such that 

{{vi,Ui),{v2,U2)) ^ E' <^ 

{ui = f 2 and (ni,U2) G F} or {ui = U2 and (^1,^2) G 

Now, one might ask if the Cartesian product of two representation graphs is a representation 
graph of the tensor product? This is not always true, but we have the following result. 

Proposition 6. Let (p and cp' be representations such that (p® (p' is a non- degenerate represen- 
tation. Then (p and (p' are non- degenerate and Ga)(^a,i is the Cartesian product of Ga, and Gs'- 



Proof. Let A = (p{ti) and A' = (p'iti) and let P and Q be matrices whose column vectors 
are Jordan bases of A and A' with respect to T = (p{t2) and T' = (p'{t2). By assumption, the 
eigenvalues ofA = A(8)l + l(8)A' are distinct, which implies that the eigenvalues of the matrix 

M = (P ® Q)^nA 1 + 1 ® A'j (P ® Q) = {P^^AP) ^ 1 + 1 ® {Q-^A'Q) 
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are distinct. Since P^^AP and Q~^A'Q are upper triangular (and hence has their eigenvalues 
on the diagonal) the matrix M will also be upper triangular. The diagonal elements of M (its 
eigenvalues) will be all possible sums of eigenvalues from A and A'. Since the eigenvalues of M 
are distinct the eigenvalues of A and A' must be distinct. This proves the first part of the 
statement. 

Since A and A' have distinct eigenvalues, the matrices P~^AP and Q~^A'Q are in fact 
diagonal, which implies that the matrix M is diagonal, so P Q clearly provides us with 
a Jordan basis for A. Since (f) ® (p' is non-degenerate. Proposition [5] tells us that the (unique) 
representation graph is given by the directed graph of 

(p®Q)"^[T®i + i®r'] (p®Q) = (p-^TP) 1 + 10 (Q-^rg). 

Now, since P~^TP and Q~^T'Q define and G^/, we conclude that G^,^^t is given by the 
Cartesian product of G^ and G^i. ■ 

Let us now proceed to construct representations of il4(^). As noted earlier, even the case 
when /ii = • • • = /i4 7^ is expected to have a rich representation theory. Therefore, we will start 
by concentrating on the case for which /^i = /i2 = A* and fJ-s = Ha = p (which is also relevant 
for applications, as mentioned in the introduction). In this case, representations are found by 
solving the matrix equations 



The action of the group 0(2) x 0(2) can be explicitly realized by letting A — )• e*^ A and T — ;> e*^'r, 
which gives a new representation for any 9, 6' S R; this representation will be denoted by (pgg' 
and is in general not equivalent to (j) since the eigenvalues of e.g. A will be different. This 
enables us to construct new irreducible representations from a given one via the tensor product. 
Namely, let be a non-degenerate irreducible representation; then one can always choose 9, 0' 
such that (I}®4>e0i is a non-degenerate representation. By Proposition [6] the representation graph 
of (/) (8) (t>ee' will be the Cartesian product of two connected graphs (the representation graphs 
of cj) and (pee')^ which implies that it is connected [10]. Hence, it follows from Proposition [3] that 
(j) (f)Qgi is irreducible. 

3.1 The Fuzzy sphere 

As any semi-simple Lie algebra is itself a DMSA, it follows that Hermitian representations of 
5u(2) should induce Hermitian representations of ii/i{A). Indeed, choosing Hermitian n x n 
matrices Si, S2, 5*3, with non-zero elements 



2M= [[A,r],rt] + [[A,rt],r] + [[A, At], a] 

2pT= [[T,A],At] + [[T,A^],A] + [[T,T^],T]. 



k = 1, . . . ,n — 1 



('^3)fc,fc = ^(^ + l-2A;), k = l,...,n 



k = 1, . . . ,n — 1 



satisfying [Si,Sj] = ieijkSk, yields a representation (j) by defining 
A = 0(ti) = e''S^, T = <t>{t2) = Si+ iS2. 



for any ^ € M (no 9' appears in (j){t2) since it can always be removed by conjugating with 
a diagonal unitary matrix). One easily calculates that this is a representation of il4(^) with 
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Spec(^) = {2}. Note that in the special case when 6 = 0, in which case A is Hermitian, this 
provides a representation of ils {A) . 

This is a non-degenerate semi-normal representation, and the representation graph takes the 
form as in Fig. [TJ 



Figure 1. The representation graph of the Fuzzy sphere. 

Furthermore, this representation is irreducible by Proposition [3l and its representation graph 
is prime with respect to the Cartesian product since any Cartesian product graph with n vertices 
has at least n edges (whereas the above graph has n — 1 edges). The matrix algebras generated by 
these matrices have been used to construct sequences of matrix algebras (of increasing dimension) 
converging to the Poisson algebra of smooth functions on 5^ [12] . 

For increasing n, the algebras that are generated by these matrices (with an appropriate 
normalization) are recognized as a sequence converging to the Poisson algebra of functions 
on 52 [12]. 

Let us for this case demonstrate the tensor product and construct the corresponding Cartesian 
product of the representation graphs. For simplicity, we let (j)2 and (p^ be a two- respectively 
three-dimensional representation of the type described above, and set 

(I){t2) = Mh) ® I2 + 13 ® Mh)- 

If we denote the arbitrary phases by 62 and ^3 the representation graph takes the form as in 
Fig. [21 




6 



Figure 2. The representation graph of a tensor product of two Fuzzy sphere representations. 

Since this representation is non-degenerate it will be irreducible by Proposition [3l and in 
general we obtain inequivalent representations for different choices of 02 and ^3. 

We note that the matrices Si, S2, Ss gives rise to another representation by setting 

A = zSs, (6) 
T = w{Si + aS2) (7) 

for arbitrary z,w & C and a S M. This gives a representation of il4(^) with Spec(^) = 
|wp(l -|- a^)}. The representation graph can be seen in Fig. [3l 



Figure 3. The representation graph of a normal representation constructed from su(2). 

We conclude that this is an irreducible non-degenerate normal representation, which is not 
equivalent to the Fuzzy sphere, since the corresponding graphs are not isomorphic. Moreover, 
its representation graph is prime with respect to the Cartesian product. 
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3.2 The Fuzzy torus 

The fuzzy torus algebra (cp. [Hi [13]) is generated by the matrices g and h, with non-zero elements 

{h)k,k+i = 1, ih)n,i = 1, = 1, . . . , n - 1, 

{g)kk = q^~^, k = l,...,n, 

fulfilling the relation hg = q ■ gh with = 1. It is known that they generate matrix sequences 
that converge to functions on T^. A representation (j) of il4(^), with Spec(^) = {|1 — is 
obtained by setting 

A = = e''g, T = <P{t2) = e'^'h, 

for any 9, 6' € R. This is an irreducible non-degenerate unitary representation, with a represen- 
tation graph as in Fig. [H 




Figure 4. The representation graph of the Fuzzy torus. 

Furthermore, this graph is prime with respect to the Cartesian product. Let us now show 
that this is essentially the only irreducible unitary representation when Spec(^) = {^}. 

3.3 Unitary representations 

When A and T are unitary and Spec(^) = {/u}, the equations can be written as 

AA = rUr + TATt, (8) 

AT = Al'rA + ATA^, (9) 

where we have introduced A = 2 — ^i. By multiplying the first equation from the right by T 
and the second equation from the left by A we note that [AT, TA] = 0. Hence, by a unitary 
transformation, we can always choose a basis such that D = AT and D = TA are diagonal. Let 
us denote the eigenvalues by 

D = diag(di, . . . , d„) = diag (e^'^i , . . . , e^'^") , 
D = diag(Ji, ...,dn) = diag (e*^^ , . . . , e'^-) . 

The equations ([8|) and ([9|) (together with D = AT and D = TA) can equivalently be written as 

\A = AID'^D + bAb\ (10) 

\Ab^ = b^A + AD\ (11) 

AD = DA, (12) 

T = DA^. (13) 
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Thus, given unitary A, D, D satisfying (|10 p - (jl2p . we obtain a solution to the original equations 
by defining T = DA^ . Written out in components, the three first equations become 



A,; 



X — djdj — didj 



Xdj — di — dj 



0, 



0, 



Aij [dj - di] = 0. 



(14) 
(15) 
(16) 



If Aij 7^ then we obtain the following relations 



d^ 







= s 



since ([T5|) and ([T6|) together imply Now, consider the directed graph Ga = {V,E) of A, 

where we have assigned the vector Xi = {di, di) to each vertex i £ V. We can restrict ourselves to 
connected graphs, since if Ga is disconnected then the representation will trivially be reducible. 
The above considerations tell us that whenever there is an edge G E, it must hold that 

Xj = s{xi). In particular, since D and D are unitary matrices, the map s must take x E S"^ x 
to another vector in x . If x = (e**^, e**^) then this is true only if A = or 

A = 2cos(v3 - (^). (17) 



This observation leads to the following result. 

Proposition 7. Let A be a DMSA with Spec(^) 
unitary representation of!d4{A). 



{fi}. If fj, < or n > 4 then there exists no 



Proof. Assume that A and T provides a unitary representation and that a basis has been chosen 
in which D and D are diagonal. Since A is a unitary matrix at least one of its matrix element 
has to be non-zero, say Aij ^ 0. Then equation (I17p must hold, which is impossible if A < —2 
or A > 2. ■ 

From the above result it follows that whenever a unitary representation exists, then there 
exists a /3 € [0, 7r/2] such that A = 2 cos 2/3. We will now proceed in analogy with the proofs 
in [HI |2] to which we refer for details. 

Let us start by studying the case when A 7^ 0, and let x = (e*'^,e*'^) be a vector such that 
(f — (f = ±2/3. Then it is easy to calculate that s{x) = (e*('^^^^\ e*"^). Thus, the maps s preserves 
the condition (I17p provided that we start with a vector fulfilling the condition. 

This implies that if Ga has a loop (i.e. a directed cycle) on k vertices, then we must have that 
s^{xi) = Xi for some i £ V. Moreover, it is a trivial fact that every directed graph of a unitary 
matrix must have a loop. Hence, /3 must be such that e^^^^ = 1 for some integer k > 0. Since 
the map s is invertible, given any Xi in the graph uniquely determines Xj for all other vertices 
in the graph. Hence, we can partition the vertices into subsets Vi, . . . ,Vk such that Xi = Xj if 
and only if i,j £ Vi for some I £ {1, ... ,k}. It follows that all edges of Ga are of the form 
with i G Vi and j £ Vi+i (where we identify A; + 1 = 1). Thus, we can permute the vertices to 
bring the matrix A to the following form 



A 



/ Ai 

A2 

••• 

VAfc • • • 



\ 


J 
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with Aj being unitary matrices for i = 1,. . . ,k. Moreover, there exists a unitary matrix such 
that U^AU is of the above form but each Aj is diagonal. This means that the directed graph of 
is a direct sum of k loops (this also holds for T since T = DA^), and each of these loops 
correspond to an irreducible representation. However, to calculate the representation graph, we 
must go to the basis in which A is diagonal. The matrix corresponding to a single loop on n 
vertices has the n roots of unity as eigenvalues. Therefore, in the basis in which A is diagonal, 
the directed graph of T will be the representation graph. It is easy to see that the matrices D 
and D will act as shift operators on the eigenvectors of A, which implies that T = DA^ will also 
act as a shift operator in this basis. Thus, the directed graph of T will be a single loop. We 
conclude that this representation is precisely the Fuzzy torus representation presented above. 

Let us turn to the case when A = 0, i.e. fi = 2. In this case, there is no restriction on ip — (p, 
but instead one notes that s^{x) = x for any x S C^. Thus, the vertices of G\ can be split 
into four disjoint subsets, and we conclude that all irreducible representations are 4-dimensional. 
However, since '■p — does not have to be related to /3, the action of T on the eigenbasis of A 
will not simply be a shift. Therefore, the representation graph will be one of the two in Fig. [5l 

When A = 2 (/i = 0) then ^p = (p and we see that any vector of the form (e**^, e*''') is a fixpoint 
of s. Hence, all irreducible representations are 1-dimensional. This agrees with the result 
in |llj which states that, when Spec(^) = {0}, all irreducible finite-dimensional representations 
of llrf(.4) are 1-dimensional. 

Proposition 8. Assume that fJ, ^ 2 and let A be a DMSA with Spec(^) = {/^j. If (p is an 

n- dimensional irreducible unitary representation of 'iXi{A) then (j) is equivalent to a representa- 
tion (j)' with (p'iti) = e^^g and (j)'{t2) = e*^ h for some 9,9' G M. Moreover, there exists a /3 G M 
such that fj. = 4sin^(/3) and e*^"'' = 1. 



Proposition 9. Let A be a DMSA with Spec(^) = {2} and let cp be an irreducible unitary 
representation ofii4{A). Then (p is A- dimensional and the representation graph of cp is one of 
the two in Fig. [5l 





Figure 5. The two different types of representation graphs for irreducible unitary representations when 

^1 = • • • = /X4 = 2. 



The graph to the right in Fig. [5] is the Cartesian product of two representation graphs corre- 
sponding to 2-dimensional representations defined by ([6]) and ([7]). However, one can check that 
there are 4-dimensional unitary representations that can not be written as a tensor product of 
two such representations. 



3.4 Representations induced by sis 

We will now present a DMSA A constructed from sis, whose representations give rise to normal 
representations of ii4^{A). The vertices of the representation graph will be the weight diagram 
of the sts-representation. 

Let Q and /3 be the simple roots of sla. By setting 

h = e'' {h^ + e'^/^hp) , si = e-'' {h^ + e~'^/^hp) , 
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we obtain a DMSA with [ti, si] = [t2, S2] = and 
3 3 

[lil,i2],S2] = [[si,t2],S2] = -l^Si, 

3 3 

[[i2,ii],si] = -^1%, [[S2,tl],si] = ^^^S2- 



In the current convention, a compact real form of 5I3 is provided by 

as defined in Lemma [2j Hence, any representation is equivalent to one where these elements are 
represented by anti-Hermitian matrices, which implies that (^(e^)^ = (^(e_^) and (l){h^)^ = (j){hry) 
for 7 = a, /3,a + /3. It follows that </>(ti)^ = </>(si) and 0(t2)^ = 4'{s2)- The weight diagram of 
a representation is usually presented as vectors with respect to an orthonormal basis of the 
Cartan subalgebra. In sis we can construct an orthonormal basis by setting 



1 



and from this we calculate that 



lV3 



Ae^^/&)[^hi + ih2). 



Hence, the eigenvalues of 4>{ti) will be the weights of the (scaled and rotated) weight diagram 
of the representation (j). As an example, let us study the representations of the kind {n,0}, i.e. 
representations of highest weight nwi, where wi, W2 are the fundamental weights. These repre- 
sentations have dimension [n + l)(n + 2)/2 and all weights have multiplicity one. Therefore, in 
a representation (j), where the elements of the Cartan subalgebra are diagonal, the representation 
graph is given by the directed graph of T = 4'{t2)- Since t2 is a linear combination of e^, 
and e_Q_^ we can construct the representation graph by drawing arrows in the direction of these 
roots in the weight diagram, see Fig. [6l 




Figure 6. The representation graph corresponding to the {3,0} representation of sis. 



3.5 Representations induced from a Clifford algebra 

As we have already noted, Clifford algebras satisfy the relations in the enveloping algebra 
and therefore, any Clifford algebra representation will give a representation of ilrf(^). As an 
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example, we consider the unique (up to equivalence) irreducible representation of CU^q given by 
ej = (Ti (g) (Tj, for i = 1,2, 3, and 64 = o"3 (8) I2, where 

^i=(? J)' "^=C "0')' -i)- 

The Hermitian matrices ei, 62, 63, 64 satisfy the relations e^ej + ejCi = 2(5jjl4. In this example, 
no combination of the form + iei will be diagonalizable which, in particular, means that such 
a combination is never a normal matrix. However, as this is an irreducible representation, any 
Jordan basis of A = ei + 162, is a Jordan basis of A with respect to T = 63 + 164^. The Jordan 
normal form of A, as well as the matrix form of T in this basis, are easily computed to be 

1 \ 

-1 

1-i 
l + ij 

Hence, a representation graph G<^ = {G, A) is given as in Fig. [7]together with A : {1, 2, 3, 4} — C 
defined by A(z) = for all i. We note that even though the graph is disconnected the represen- 
tation is irreducible. 

Figure 7. The representation graph of an irreducible representation related to the Clifford algebra CI 4^0- 



/O 1 0\ 



1 

VO 0/ 



P-^TP 



fl + i 


-2i 

V 2i 



4 Summary 

Motivated by several examples, in which double commutator matrix equations arise, we have 
considered the relations 

d 

= HiXi (18) 

in a general (Lie) algebraic setting. Some examples can easily be constructed from subsets of 
semi-simple Lie algebras. Via the Diamond lemma we can show that it is consistent to impose 
relations (jlSp in a free associative algebra, and a basis for the corresponding enveloping algebra 
was computed. 

In contrast to the case when /ij = for i = 1,. . . ,d (in which case all irreducible finite- 
dimensional representations are one dimensional [H]), the representation theory for arbitrary 
/Xj's has a rich structure. We have considered the case when d < 4 in detail and introduced 
the representation graph, which encodes the structure of a finite-dimensional representation in 
terms of a directed graph. The connectivity of the graph provides information on the irreducible 
components of the representation, and the tensor product can (generically) be described by 
the Cartesian product of graphs. All unitary representations when Spec(^) = {/i} were then 
classified, and it was shown that essentially all such representations are equivalent to the Fuzzy 
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torus algebra. Several other examples were provided to demonstrate that the representation 
theory is non-trivial. A particular feature, that in general distinguishes the representation 
theory from that of Lie algebras, is that the tensor product of two irreducible representations 
can again be irreducible. 

While we think relations (jlSp are interesting in themselves - as a class of algebras containing 
Clifford algebras and semi-simple Lie algebras - let us end by noting that we expect matrix 
sequences corresponding to surfaces of genus g > 2 to exist, even for d < 4 and /ii = • • • = fi^. 
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